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Abstract

Magnetizing force is modeled by considering magnetic susceptibility as a function of temperature and is included in a
momentum balance equation as an external force term in addition to the buoyant force term. Under ideal gas behavior,
the magnetizing force term can be represented by a new and simple non-dimensional parameter group 7y, which rep-
resents the ratio of magnetizing force to the gravitational force. This magnetizing force acts on material of high
magnetic susceptibility, like oxygen gas in a temperature gradient field, and affects the convection in addition to gravity.
Sample computation was carried out for air in a cubic box that is heated from one vertical wall and cooled from the
opposing wall, and has the other four walls thermally insulated. With an increase in the magnetic strength, the upward
and downward natural convection in the gravity field becomes horizontal circulation under a cusp-shaped magnetic

field. © 2001 Elsevier Science Ltd. All rights reserved.

1. Introduction

Magnetizing force, which attracts iron filings to a
permanent magnet, acts on material of high magnetic
susceptibility, like iron, and not on materials like air,
water and wood. However, among non-metallic ma-
terials, oxygen has a relatively high magnetic suscepti-
bility because of its twin electronic spin; some typical
values of such materials are listed in Table 1 [1]. Faraday
[2] found this force works to collect oxygen gas bubbles
to the center of a permanent magnet. Pauling et al. [3]
employed this force to develop an oxygen analyzer.
Until recently, however, this effect has been largely ne-
glected in the field of engineering. The recent develop-
ment of a superconducting magnet now allows a much
stronger magnetic field to be used for various industrial
purposes.

Wakayama and co-workers [4-8] have been active in
finding new and notable effects of a strong magnetic field
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in fluid convection. The so-called Wakayama jet [8] oc-
curs in a strong magnetic gradient field due to the dif-
ference in magnetic susceptibility between air and
nitrogen gas. They also reported such phenomena as
sustainable combustion in a microgravity field, the
downward candle flame and enhanced flow rates of air
supply. Kitazawa and co-workers [9-12] also have found
various interesting phenomena such as non-mechanical
blowing of heated air in a strong magnetic gradient field,
enhanced oxygen gas dissolution in water, water droplet
levitation and enhanced curvature of water level surface.

In the present report, the magnetizing force is mod-
eled for convection of gas with a temperature gradient,
and sample computations were carried out for natural
convection of air in a cube.

2. System considered

Fig. 1 shows three cases in which a pair of electric
coils is used to produce magnetic fields in the fluid in a
cubic enclosure that is heated from one vertical wall
and cooled from the opposing wall but otherwise
thermally insulated. The geometries of the coils and the
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Nomenclature i velocity vector (u, v, w) (m/s)

. Uy, o/l (m/s)
B b/b, (dimensionless) X x/¢ (dimensionless)
b magnetic induction (b,, b,, b,) x a coordinate (m)

(T =Wb/m? =V s/m?) Y y/¢ (dimensionless)
b, Ui/l (Wb/m?) y a coordinate (m)
Jm magnetizing force defined in Eq. (1) (N/m?) VA z/¢ (dimensionless)
g acceleration coefficient of gravity (m/s?) z a coordinate (m)
Gr {gB(0n — 0.)¢*}/v* (dimensionless)
H magnetic field = b/, (A/m) Greek symbols e 2
i electric current in a cnz)il (A) x thermal diffusivity of gas (m/s)
, length of a cubic enclosure (m) p volumetric coefficient of expansion of gas due
P P /;’ (dimensionless) to temperature difference (1/K)
» presZure (N/m?) y 0,02/ (g1t ?) (dimensionless)

. . 0 temperature (K)

o reference pressure without convection of gas . .

(N/m?) u viscosity of gas (Pa s)
14 perturbed pressure due to convection (N/m?) Hon m.agnetlc.: pqrmegblhty (H/m) )
s po(/0)® (N/m?) v klnematlc viscosity o3f gas = u/p, (m*/s)
Pr Prandtl number = v/o (dimensionless) p densTty of gas (kg/m’)
R | ﬁ\ (dimensionless) 0o density .of gas at 213 reference state of no
R 7/¢ (dimensionless) convection (kg/ m’)
2 position vector (m) T t/t, (dimensionless)
R universal gas constant (J/kg K) 14 mass fraction of oxygen at some reference
Rga Gr Pr (dimensionless) state (a@r) (dimeqsippless)
5 3/¢ (dimensionless) 1o, magnetic susceptibility of oxygen (m?/kg)
K} a periphery line of a coil (m) Subscripts
ds tangential vector of a coil element (m) a reference value
T (60— 6o)/(6nh — 6.) (dimensionless) 0 reference state
t time (s) c that of a cold plate
ty /o (s) h that of a hot plate
U ii/u, (dimensionless)

7 Hm
Table 1 Jm = 7%02(9)502!’VH2~ )

Magnetic susceptibility (dimensionless value) for gas at 1 atm
and 0°C [1]

H, =-2.23x 107

N, = —6.8 x 10~

0, =191 x107°

enclosure are allocated as follows. The two coils are 0.1
m in diameter and are set in parallel 0.1 m apart.
Centered between them is a cubic enclosure with sides
of 0.064 m. The coils are located in three different
orientations as shown in Figs. 1(a)-(c). The natural
convection of air in an enclosure with these coils is
considered herein.

3. Derivation of model equation including magnetizing
force

According to Bai et al. [8], magnetizing force for air is
expressed as follows:

Considering b = u,H and abbreviating y = %o, and
& =¢&p,, this can be changed as follows in terms of
magnetic induction b for air:

- 1
= — pyEVhi. 2
I =5, P28 )
This force can be included in the Navier—Stokes equa-
tion as an external force in addition to a buoyant force
as follows:
i = I (.
— =—Vp+uVii+5= Vb : 3
P Dy p+u o Vb e 3)
This equation can be reformed as follows following the
way for modeling natural convection so that numerical
computation becomes much easier. The magnetizing
force term is proportional to the gradient of the square
of magnetic induction and can be treated similarly to
pressure. Thus, when the magnetic susceptibility y and
density p are constant, there will be no convection. Let
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Fig. 1. Schema of the system: (a) under an X-directional magnetic field; (b) under a Y-directional magnetic field; (c) under a

Z-directional magnetic field.

us assume that this state to be represented by 6 = 0y,
p=py L=1yxo and p=py. In this situation, velocity
i = 0. Then Eq. (3) gives

0= — Tpy+ 21 Gt 1 . )

24

When there is a temperature difference, the magnetic
susceptibility and density change with temperature.
Pressure p is expressed by a perturbed pressure term p in
addition to the static state pressure py

pP=pm+r. (3)
Subtracting Eq. (4) from Eq. (3) gives

Di

Du =, 2, (Pr=po10)¢ &,»
P D= Vp' + uVii + 5 Vb + (

Hn

P = )&
(6)

Magnetic susceptibility of oxygen gas is a function of
temperature 0 as follows, where C is a constant [8]:

=—. 7
1= ()
When temperature difference in the fluid is not large,

magnetic susceptibility may be represented as follows by
a Taylor expansion:

a -
px:poxﬁ{%} (0 —0,). (®)
0
Presuming an ideal gas, p = pR,0,
p_Oo(r\__pP1__»p 9)
00 00 \ R,0 R, &? 0
From Eq. (7),

O _0(C\__C_ 1
ae‘ae(e)_ ¢ 0 (10)

Then,
opy) _ p 0 201 .
0 = 0%+p( 0)— g = 2ber (11)

In this equation, the volumetric coefficient of expansion
for an ideal gas f = 1/0 was employed.Eq. (8) becomes
as follows:

P — Poto = (—2Bxp)y (0 — 0o)
= —2Bp020(0 — 0o). (12)

On the other hand, the buoyancy term in Eq. (6) becomes

)
p-m=(3) 0-00=(=5) 00
= —poB(0 — o). (13)
Then, Eq. (6) becomes

—

Du _ / 2= (—=2B%0p0) 2
P o= Vp' + uV-i + . (0—00)EVD

= poB(0 — 00)8. (14)
Employing the Boussinesq approximation that density is

constant other than the buoyancy term, then Eq. (14)
becomes

Ds Po Po m
0
+gB(0—06,)| O ]. (15)
1

This is the final shape of the Navier-Stokes equation
including a magnetizing force term as an external force.
When there is a temperature difference in the fluid, the
energy equation should be solved as well as an equation
of continuity.

Magnetic induction is given by Biot-Savart’s law as
shown below:
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Table 2
Effect of grid numbers 20° or 30° on the computed average
Nusselt number

Ra Grid Nutgye.
104 20 2.056
30 2.055
10° 20 4.350
30 4.339
Do
E = avze, (16)
V-i=0, (17)
- i [Fxd§
b=——" . 18
4n & (18)

These equations are non-dimensionalized by the method
of Hellums and Churchill [13] as follows.

Dimensionless equations are given as follows:

vV.-U=0, (19)
DT/Dt = V°T, (20)
_ 0
DU = 27 7 p2
B = — VP+ VU~ RaPryT VB + RaPr| 0 | T
1
0
= — VP+PVU+RaPT| —yVB + |0 |],
1
(21)
o 1 R x d§
B=_—— ¢ " 22
4757{ R3 (22)

These constitute model equations for natural convection
of an ideal gas (paramagnetic fluid) in a magnetizing
force field as well as a gravity force field.

Fig. 2. Example of computed magnetic induction vectors under an X-directional magnetic field in a plane at X = 0.5, ¥ = 0.5 and

Z = 0.5 from top to bottom.
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Dimensionless variables, reference values and the
characteristic dimensionless values are as follows:

X =x/xs, Y=y/xs, Z=2z/x,,
V=0/uy, W=w/u, P=p/p,
T=(0-00)/(0n—0.), B=b/by, xo=¢,

Uy =/l by = pyif/l, tn=~0C[a, p,=pa’/l,
0= (On +00)/2, Pr=v]a,

Ra=gB(0n — 06/ (av), 7= 1ob2C/ (Hm0)-

U= u/uzn

Here the new parameter y represents the ratio of mag-
netizing force to the gravitational force. The reference

Table 3
Summary of computed results for P = 0.71 and Ra = 10°

value of magnetic induction b, represents the strength of
an electric current i in a coil.

The initial condition is a static state with a linear
temperature profile at t < 0

U=V=W=0, T=05-X.
Boundary conditions are given as follows:

U=V =W=0 on the wall,
T=05 atX =0,

T'=-05 atX =1,

0T/0Y =0 atY =0and 1,
0T/0Z =0 atZ=0and I

Nu (at g = 0 and yRa = 10%)

Nu(atg=9.8land y=1)

Nu (at g = 9.81 and y = 10)

NO-MAG 1(y=0) 4.339 (y = 0) 4.339 (y = 0)
X-MAG 1.595 4.259 2472
Y-MAG 2.863 4.490 6.950
Z-MAG 2.870 4.301 6.786

N
1))

Coil

Fig. 3. Streak lines in an X-directional magnetic field at yRa = 10° and Pr = 0.71 but at g = 0: (a) perspective view; (b) top view;

(c) end view from the positive X-axis.
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(b)

(0

Fig. 4. Streak lines in a Y-directional magnetic field at yRa = 10° and Pr = 0.71 but at g = 0: (a) perspective view; (b) top view; (c) end

view from the positive X-axis.

4. Computed results
4.1. The effect of grid size

The model equations were approximated by finite
difference equations with non-uniform staggered me-
shes of 203 or 30°. The inertial terms in the momen-
tum equations were approximated with a third-order
upwind scheme, and the HSMAC [14] method was
adopted. In the range Ra = 10*-10° for Pr = 0.71, the
average Nusselt numbers agreed well with two grid
sizes as shown in Table 2. In the present report, most
of the cases studied were at Ra = 10° with grid num-
bers of 30°.

4.2. Computed results in zero-gravity field

An example of a computed magnetic field is shown in
Figs. 2(a)—(c) for the X = 0.5, Y = 0.5 or Z = 0.5 planes,
respectively. Electric currents in the coils circulate in
opposing directions and a cusp-shaped magnetic field is
produced which has a large gradient of magnetic in-
duction and generates a large magnetizing force.

Numerical computations were carried out first for the
zero-gravity field (g = 0) to clarify the effect of mag-
netizing force field alone under a X-, Y- or Z-directional
magnetic field as shown in Table 3. Even for this case of
g =0, yRa = 10°. The average Nusselt numbers for the
three different orientations of magnetic field at y = 1 are
similar for the Y- and Z-directions but different for the
X-direction.

Computations were next carried out for a normal
gravity field and at y = 1. The average Nusselt numbers
for various magnetic fields are similar to each other,
including that at no magnetic field (y =0 and only
gravity acts).

Further computations were carried out for a much
stronger magnetic field at y = 10. Then the average
Nusselt number in the X-direction decreased and those
in the Y- and Z-directions gave much larger but
similar values. The magnitude of magnetic strength 7y
appears to have a significant effect. However, these
results are quite complicated and more detailed in-
formation on velocity and temperature contours is
required in order to understand these heat and flow
characteristics.
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The effect of the magnetizing force on the convection but g = 0. For the sake of explanation, we turn first to
may be most effectively represented by streak lines based the case of the Y-directional magnetic field.
on the computed velocity fields as follows: Fig. 4 shows four streak lines under the Y-direc-
Figs. 3-5 show long-time streak lines for the X-, Y- or tional magnetic field. Two of them can be seen from
Z-directional magnetic field at P = 0.71 and yRa = 10° the top of the cube and are perpendicular to the usual

(b) S —

Fig. 5. Streak lines in a Z-directional magnetic field at yRa = 10° and Pr = 0.71 but at g = 0: (a) perspective view; (b) top view; (c) end
view from the positive X-axis.
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Fig. 6. Transient responses of the average Nusselt number at Ra = 10° and Pr = 0.71 under various magnetic fields: (a) y = 1;
(b) y = 10.
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Table 4
Dimensional equivalence under the Y-directional magnetic field for air at 300 K and 0.1 MPa

Ra=10°, Pr=0.71, y = 1, Nuyy., = 4.49

€= 0.064 (m), b, = 1.558 (T = Wb/m?), thmax = 0.37 (Upax = 10.55) (cm/s)
On — 0. = 4.19 (K), Oy = 300 (K), gue. = 7.71 (Wim?)

(b)
Fig. 7. Computed velocity vectors and isothermal contours at Ra = 10°, P-=0.71 and y =1 (upper row) and 10 (lower row):
(a) X-directional magnetic field; (b) Y-directional magnetic field; (c) Z-directional magnetic field.

== |

Fig. 8. Streak lines under the X-directional magnetic field at y = 10, Ra = 10°> and Pr = 0.71.
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natural convection vortex in a gravity field. Since this is
in a zero-gravity field, only the magnetizing force acts
and we can see how it acts in this cusp-shaped mag-
netic field. Hot fluid (smaller magnetic susceptibility) is
repelled from the center of the hot wall area at all
levels (Y = 0.5 and at any Z level), where the magnetic
field is negligibly small. On the other hand, cold fluid
(larger magnetic susceptibility) near the cold wall
moves to the side walls, where the magnetic field is
mostly very strong. This generates two vortices in the
same level of Z, which are perpendicular to the usual
vortex of natural convection in the Z-direction of a
gravity field.

Fig. 5 shows six streak lines under the Z-directional
magnetic field, three each in the upper and lower levels
in the Z-direction. The hot fluid near the hot wall is
again repelled to the core area, where the magnetic field
is weak, but in this case the vortex axes are parallel to
the Y-coordinate. The cold fluid near the cold wall
proceeds to the top and bottom walls where the mag-
netic field is strong. These characteristics can be con-
sidered the same as those of the Y-directional magnetic
field, since this is in a zero-gravitational field. The fluid
convects in the same way in these two systems under the
Y- or Z-directional magnetic field.

Let us return to the X-directional magnetic field. Fig.
3 shows four streaks under the X-directional magnetic
field, which are quite different from previous two results.
Under the X-directional magnetic field, the magnetic
field is almost zero in the plane at X = 0.5. The hot fluid
flows away from the hot wall area but it does not arrive
at the cold wall area, since the cold fluid is attracted to
the strong magnetic field there and is not repelled from
the cold wall. The cold fluid is attracted to the higher
magnetic field due to its larger magnetic susceptibility,
the characteristics of which are included in the model
derivation. Since cold fluid is stagnant near the cold
wall, hot fluid cannot reach the cold wall and convects
back to the hot wall.

4.3. Computed results in both gravitational and mag-
netizing force fields

We turn next to the system with both gravitational
and magnetizing force fields.

Figs. 6(a) and (b) show transient response curves of
the average Nusselt number for four cases: a gravita-
tional field without a magnetic field, and with an X-, Y-
or Z-directional magnetic field. In (a) at y =1, the
average Nusselt numbers are similar to each other; but

Fig. 9. Streak lines under the Y-directional magnetic field at y = 10, Ra = 10°> and Pr = 0.71.
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Fig. 10. Streak lines under the Z-directional magnetic field at y = 10, Ra = 10° and Pr = 0.71.

in (b) at y = 10 (4.9 T in the dimensional system), the
results are quite different. With an increase in the mag-
netic strength, the magnetizing force appears to become
dominant. The dimensional equivalence for this system
is shown in Table 4.

Figs. 7(a)—(c) show velocity vectors and temperature
contour maps at y = 1 (upper row) and 10 (lower row)
and at Ra = 10° and Pr = 0.71 for (a) X-, (b) Y- and (c)
Z-directional magnetic fields under a standard gravita-
tional field. All depict the Y = 0.5 vertical plane per-
pendicular to the hot and cold walls. For all cases of
y =1 in (a)—(c), gravitational force is dominant and the
convection mode is a familiar one in the gravitational
field. However, at y = 10, the magnetizing force becomes
quite dominant and the convection modes are quite
different from those at y = 1.

Figs. 8-10 show streak lines for the system under
both a gravitational and an (a) X-, (b) Y-, or (c) Z-
directional magnetic field at y = 10. Despite the pres-
ence of the gravitational field, the magnetizing force
appears to be dominant, especially for Y- (Fig. 9) and
Z-directional (Fig. 10) magnetic fields, where two major

vortices appear with their axes in the Z-direction (Fig.
9) or the Y-direction (Fig. 10). The differences in the
vortex shape from those of Figs. 3-5 are due to the
combined effects of gravitational and magnetizing for-
ces. Under the X-directional magnetic field, the con-
vection rolls may be considered to be similar to those
under a gravitational field, but the vortices do not reach
the cold wall, for the reasons discussed in Fig. 3. In this
sense, these vortices are also quite different from the
gravitational ones. Because of this convection mode,
the average Nusselt number is much smaller
(Nu = 2.47) than in the zero-magnetic field (Nu = 4.34),
as seen in Table 3. On the other hand, due to the direct
convection from the hot wall to the cold wall as seen in
Figs. 9 and 10 for the Y- or Z-directional magnetic
field, the average Nusselt number takes values of 6.95
and 6.79, which are much larger than 4.34 without a
magnetic field.

An experimental approach should be taken to inspect
these characteristics quantitatively. However, differences
in the average heat transfer rates can be observed only
with a magnetic field as strong as 5 T.
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5. Conclusion

Simple model equations for a non-isothermal system
under a magnetizing force were derived by following the
model of the Wakayama group, and the effects of
gravity and the direction of magnetic field were studied
numerically for air in a cubic enclosure that was heated
from one wall and cooled from the opposing wall and
for a cusp-shaped magnetic field applied in the X-, Y- or
Z-direction. The convection of fluid can be well ex-
plained by the repulsion of hot fluid from the hot wall to
the weak magnetic field and the attraction of cold fluid
to the strong magnetic field; and these features are re-
flected in the mathematical model for a magnetizing
force.
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